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The accurate analysis of patient lung structure and morphology in a clinical setting is 
one of the significant challenges in pulmonary medicine. In recent years, computational 
modelling techniques have been shown to help improve understanding of function-form 
relationships within the lungs, and of the underlying sensitivities of pulmonary function 
test responses to pulmonary disease. A large array of literature has been dedicated to 
modelling airflow and gas transfer within the lungs, and within vasculature. However, little 
work exists connecting the two systems together, particularly in computationally tractable 
ways. Within this study we outline a numerical scheme for modelling gas transport 
throughout the airways, pulmonary arterial network, and across the alveolar-capillary 
membrane. Through careful scheme design, and the application of high-performance 
computing structures, we show how these models can remain tractable, even when 
simulating to quite fine resolution. Following model development and error analysis, we 
apply the model to the simulation of the multiple-breath washout, a common pulmonary 
function test, illustrating how the choice of tracer gas may affect clinical diagnosis 
measures.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

The lungs are an incredibly complex pair of organs, whose function is strongly driven by both shape and morphology. 
Due to this, one of the most significant challenges within pulmonary medicine is the accurate analysis of patient lung 
structure, and ventilation mechanics. In recent years, computational modelling approaches have been developed with the 
aim of better understanding the human pulmonary system, and its response to diseases.

A large array of modelling techniques have been developed [1–4], often with the aim of improving understanding of 
pulmonary function test (PFT) responses to disease. Airway ventilation is typically simulated in either a 1D [2] or 3D-1D 
hybrid [5] environment, performed on virtual lungs created from histological data [6], or patient-based airway structures 
created from a combination CT image extraction, and algorithmic generation [1,7]. As computational power has improved, 
models have increased in complexity, and been able to capture behaviours at finer resolution within the airways.

Alongside airways models, similar modelling techniques have been applied to the bloodstream, and pulmonary arterial 
network [8–10]. Most commonly blood flow and artery cross-sectional area profiles are simulated using the Navier-Stokes 
equations in a 1D setting [11], or using a hybrid 3D-1D approach [12]. Similar to ventilation models, blood flow models are 
typically simulated upon histological-based [13,14] or imaging based [15] virtual vasculature structures.
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While there has been a large degree of work in both modelling pulmonary flow, and modelling ventilation, there is 
substantially less work which connects airflow and blood flow models together, to achieve full pulmonary simulation. De-
tailed models of alveolar-capillary gas exchange have been derived in the literature [4], however they have typically only 
been applied as compartmental models, limiting many potential avenues for analysis. This in part is driven by the significant 
computational constraint of building a full pulmonary model. Recent work by Kang et al. [16], has outlined a way to connect 
mechanistic models of the pulmonary arterial network and the airways, to achieve more holistic gas transport simulation. 
However, this model was presented with no significant analysis of computational tractability, and thus questions remain 
about its feasibility for widespread implementation.

Within this study, we address the literature gap by outlining an effective and tractable model of gas transport within the 
conducting zone of the lungs, the pulmonary arterial network, and across the alveolar-capillary membrane. This model is 
primarily mechanistic, allowing for realistic simulation of blood flow, air flow, and gas transfer between the two networks. 
By embedding these simulations in high-performance computing architectures, we show how simulation of the human 
pulmonary system can be both detailed and computationally tractable. We then illustrate the potential value of such a 
model, by applying it to the analysis of how the choice of tracer gas may affect outputs from the multiple-breath washout, 
a pulmonary function test experiencing increased clinical uptake.

2. Creation of a virtual lung and arterial structure

To build a detailed model for simulation of the pulmonary system, we first need a physically realistic virtual representa-
tion of the lungs and pulmonary arterial network. Within this study simulations of the pulmonary system were performed 
using a set of 26 patient-based 1D structures (8 healthy subjects, 18 asthmatic subjects), taken from a set originally pre-
sented by Bordas et al. [1]. Structures were created through a combination of CT segmentation (to generation 6-10), and 
algorithmic airway generation within the identified lobar boundaries (to an average generation 16) [17]. Each airway tree 
consisted of between 30-100,000 branches, 15-50,000 of which were terminal bronchioles; each of which was subtended by 
a spherical acinar unit.

Construction of the arterial network was performed through modification of the patient-specific airway tree. We assume 
that the pulmonary arteries mimic the airway structure, with identical branching angles and ratios [6], but with resting 
radii (the radii at standard pressure) reduced by 75%, to match healthy histological data [18]. At the distal ends of the left 
and right main bronchi this similarity to the airway tree ends, and subsequently we artificially create the left and right 
pulmonary artery, by extending a centreline directly away from the mid-point where the two inferior pulmonary arteries 
meet. Instead of creating an artificial pulmonary trunk, the artery network is left as two distinct structures, for the left and 
right lung respectively.

The veins in the network were assumed to by symmetric to the arteries, with each terminal artery connected to the 
associated terminal vein by a single capillary branch, with equal radius to the artery. This is illustrated in a schematic 
diagram in Fig. 1. The capillaries were assumed to wrap around each acinar region, covering approximately 1/5 of their 
surface area (a justification of this is given in Appendix A), leading to a capillary length

lcap = 2π R2
acin

5R0
cap

, (1)

where Racin and R0
cap are the radius of the acinar region and capillary respectively. It should be noted that given the acinar 

regions expand and contract over time, the length of each capillary also fluctuates in response.
We note that the construction of the arterial network is based on significant simplifying assumptions about branch 

lengths and radii. However, the modelling techniques outlined in this study do not rely on the specific nature of the struc-
ture, and would be suitable for application to any appropriately formatted 1D representation of the lungs and associated 
arterial pulmonary network.

3. Pulmonary model

To effectively simulate gas transport throughout the pulmonary system, five different models are needed: for ventilation, 
blood flow, gas transport in the airways, gas transport in the bloodstream, and gas transfer across the alveolar-capillary 
membrane. Within this section we detail each model and its numerical implementation.

3.1. Ventilation model

Detailed explanations of the ventilation and airways gas transfer models have appeared in the prior work of Foy et al. 
[2,19,20]. In brief, the flow rate Q within each airway is assumed to be driven by the pressure gradient �P over the branch. 
Each terminal bronchiole is subtended by a spherical acinar region V acin, whose expansion and contraction is proportional 
to the terminal bronchiole flow rate, and constrained by local tissue compliance C, and the pressure difference from the 
acinus to the pleural cavity. This is expressed by the equation system
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Fig. 1. Diagram of the arterial network. A cross-section of the arteries against the airways can be seen (A), as well as a 2D representation of the capillaries 
wrapping around the acini (B). An unravelled 2D schematic of the symmetry between artery and vein networks is also given (C).

�P = R(Q )Q , for each branch, (2)

Q upper =
∑

Q lower, for each bifurcation, (3)

d

dt
V acin = Q , for each terminal branch, (4)

P T − P pl(t) = 1

C
V acin, for each terminal branch. (5)

where R(Q ) is Poiseuille branch resistance, with a modification for energy dissipation [21], P T is the pressure at the distal 
end of the terminal branch, and P pl is the pleural pressure. A diagram of the ventilation domain is given in Fig. 2.

The pleural pressure is chosen to enforce the desired breathing pattern and frequency (typically sinusoidal for tidal 
breathing), with a linear gravitational gradient on its range (see Foy et al. [2] for more details).

System (2)-(5) was implemented numerically using a Backward Euler discretisation for the temporal derivative, leading 
to a system of the form

F(x) = 0,

at each time step, where x is the collection of pressure, flow and volume variables. This system is solved using vector 
Newton iterations, of the form

x = x −J−1F(x),

until ||F(x)||2 falls below a desired tolerance.
As the majority of the Jacobian (J ) is constant, it can be efficiently formed directly, and inverted using an LU factorisation 

following approximate-minimum-degree reordering.
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Fig. 2. Diagram of the ventilation model domain. An idealised 2D cross-section of the model domain, showing branch bifurcations, flow rates and pressures 
(A), and the connection of terminal bronchioles to acinar regions (B).

Fig. 3. Diagram of the airways gas transport model domain. An idealised cross-section of the model domain, showing concentration nodes and finite 
difference boundaries in the branches (A), and the acinar regions (B).

3.2. Airways gas transport model

In the absence of bloodstream interactions, the ventilation model outlined above is used to drive a gas transport model 
in the airways, first proposed by Paiva [22]:

∂C

∂t
= D

∂2C

∂x2
+ D

A

∂ A

∂x

∂C

∂x
− u

∂C

∂x
, (6)

where C(x, t) is the gas concentration at position x and time t , A the airway cross-sectional area, u = Q /A the air velocity, 
and D the diffusion coefficient for the gas in air.

To implement this model numerically, we first discretise the domain into a series of N nodes, with corresponding con-
centration values Ci (i = 1, . . . , N). Multiple nodes are placed on each branch, a single node is placed at the centre of each 
acinar region, and a single node is placed slightly proximal to each bifurcation, as illustrated in Fig. 3.

The gas transport model is then implemented numerically using a finite difference scheme, originally outlined by 
Dutrieue et al. [23]. For each node at a bifurcation, and considering the notation in Fig. 3, we have

dCi

dt
= D

�xi

(
1

A j + Ak

{ [C j − Ci]A j

δxi, j
+ [Ck − Ci]Ak

δxi,k

}
− Ci − Ci−1

δxi−1,i

)

+ D

2Ai

⎛
⎝

{
A j − Ai

A j
A j+Ak

}
[C j − Ci]

δx2
i, j

+
{

Ak − Ai
Ak

A j+Ak

}
[Ck − Ci]

δx2
i,k

⎞
⎠
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+

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ui Ci − ui−1Ci−1

�xi
, during inspiration

u jC j + ukCk − ui Ci

�xi
, during expiration.

(7)

A similar formula can be derived for nodes within a branch, by treating it as a single branch bifurcation, and setting 
appropriate terms to zero.

At the tracheal boundary, the system is convection-dominated meaning

∂C

∂n
=

⎧⎪⎨
⎪⎩

u1Cext, during inspiration

u1C1, during expiration,

where n is the normal vector outwards from the boundary, and Cext is the external gas concentration.
At each terminal bronchiole boundary gas transfer occurs between the acinus and the bronchiole. To account for this, we 

enforce the boundary condition

∂Ci

∂n
= D

Cacin, j − Ci

Racin, j
−

⎧⎪⎨
⎪⎩

ui Ci, ui > 0

ui Cacin, j, ui ≤ 0.

where Racin, j is the radius of the acinar region, calculated as

Racin, j =
(

3

4π
V acin, j

)1/3

.

Gas concentrations in each acinus fluctuate accordingly to the gas transfer from the terminal bronchiole, and changes in 
acinar volume, meaning

dV acin, jCacin, j

dt
=

⎧⎪⎨
⎪⎩

Q i Ci − D Ai(Cacin, j − Ci)/Racin, j, Q i > 0,

−D Ai(Cacin, j − Ci)/Racin, j, Q i ≤ 0.

(8)

The total model for gas transport in the airways is solved using a combination of Euler methods and operator splitting. 
Firstly, all temporal derivatives in the airways are discretised using a Backward Euler method. This allows for airway gas 
concentrations to be updated through solution of a matrix problem

ACn+1 = Cn + f(Cn,Cn
acin),

where A is a convection-diffusion matrix, Cn and Cn
acin are the airway and acinus concentrations at time step n, and f

accounts for boundary conditions between terminal bronchioles and the associated acini. The matrix inversion is solved 
using a standard LU factorisation, after application of approximate-minimum-degree reordering.

Following the calculation of Cn+1, the updated acinar concentrations (Cn+1
acin ) are calculated by applying a Forward Euler 

discretisation to Equation (8).

3.3. Blood flow model

To model blood flow, we build upon the work of Olufsen et al. [11]. By considering experimental data, Olufsen [24]
showed that there was an apparent function relationship between arterial wall thickness, vessel radius and vessel stiffness, 
such that

Eh

R0
b

= k1 exp(k2 R0
b) + k3,

where k1, k2 and k3 are fitting constants, given in Table 1, and R0
b is the arterial radius under standard pressure.

Given this, we assume a linear stress-strain relationship between artery cross-sectional area (Ab), and pressure, such that

Pb = 4

3

Eh

R0
b

⎛
⎝1 −

√
A0

b

Ab

⎞
⎠ = f (R0

b)

⎛
⎝1 −

√
A0

b

Ab

⎞
⎠ ,

where Ab is the cross-sectional area of the vessel, and A0
b is the cross-sectional area at standard pressure. We combine this 

model with a 1D Navier Stokes equation, meaning
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Table 1
Pulmonary model parameters.

Parameter Value Interpretation Value taken from:

CT 1.3 × 10−6 cm4 s2/g Windkessel parameter Olufsen [24]
D He 0.803 atm cm2 s−1 Diffusion rate for He in air Marrero et al. [27]
D S F6 0.102 atm cm2 s−1 Diffusion rate for SF6 in air Marrero et al. [27]
D N2 0.2 atm cm2 s−1 Diffusion rate for N2 in air Marrero et al. [27]
Dcap 5 × 10−4 L/s/mmHg Diffusing capacity of N2 Average for O2 and CO2 Ben-Tal [4]
δ 0.1 cm Artery boundary layer size Olufsen et al. [11]
HT 1s Heartbeat period Standard value
k1 2 × 107 g/s2cm Fit parameter for f (R0

b) Olufsen [24]

k2 -22.53 /cm Fit parameter for f (R0
b) Olufsen [24]

k3 8.65 × 105 g/s2 cm Fit parameter for f (R0
b) Olufsen [24]

ρb 1060 kg/m3 Density of blood Saladin and Porth [28]
Q̄ b 20 cm3/s Maximum inlet flow rate Olufsen [24]
R1 25300 g/(s cm4) Windkessel parameter Olufsen [24]
R2 13900 g/(s cm4) Windkessel parameter Olufsen [24]
σb 1.7 × 10−5/mmHg Solubility of N2 in blood Sander [29]
τ 0.1 s Time of peak inlet flow (during each heartbeat) Olufsen [24]
tcirculation 60 s Average time taken for blood to circulate the body Katz [30]
νb 0.046 cm2/s Dynamic viscosity of blood Olufsen et al. [11]

∂ Ab

∂t
+ ∂ Q b

∂x
= 0, (9)

∂ Q b

∂t
+ ∂

∂x

(
α

Q 2
b

Ab
+ B

)
= −2πνb Q b Rb

δAb
+ ∂ B

∂ R0
b

dR0
b

dx
, (10)

where Q b is the flow rate, νb is the dynamic viscosity of blood, δ is the boundary layer thickness and ρb is the density of 
blood. The term B = f

√
A0

b Ab/ρb is an artificial term constructed to allow the equations to be written in conservative form. 
The parameter α is a correction factor, presented by Sherwin et al. [25], which accounts for the shape of the uni-directional 
velocity profile. Within this study, for simplicity we take α = 1, corresponding to a flat profile. In Appendix B, we compare 
flow profiles throughout the pulmonary system using α = 1.1, showing strong concordance.

To simplify manipulations of equations (9)-(10), we introduce the notation

U =
[

Ab
Q b

]
,T =

[
T1
T2

]
=

[
Q b

Q 2
b

Ab
+ B

]
,S =

[
S1
S2

]
=

[
0

− 2πν Q b Rb
δAb

+ ∂ B
∂ R0

b

∂ R0
b

∂x

]
,

meaning the system can be written as

∂

∂t
U + ∂

∂x
T = S.

We solve this system numerically using a two-step Lax-Wendroff Method. First each arterial branch is discretise into M
evenly spaced nodes (with spacing �x), at N evenly spaced points in time (with time step �t). We denote the value of Ub

at node M , and time step n as Un
M , and define intermediate step values as

Un+1/2
j = Un

j+1/2 + Un
j−1/2

2
+ �t

2

(
−Tn

j+1/2 − Tn
j−1/2

�x
+ Sn

j+1/2 + Sn
j−1/2

2

)
, (11)

for j = m ± 1/2. The full step solution is then defined from the intermediate step values as

Un+1
m = Un

m − �t

�x

(
Tn+1/2

m+1/2 − Tn+1/2
m−1/2

)
+ �t

2

(
Sn+1/2

m+1/2 + Sn+1/2
m−1/2

)
. (12)

3.3.1. Bifurcation conditions
To ensure conservation each bifurcation is decomposed into a parent node and daughter nodes, as illustrated in Fig. 4. 

At each branch bifurcation, continuity of pressure, and conservation of flow gives

Q p,M
b, j = Q d1, j

b,0 + Q d2, j
b,0 , (13)

P p, j
b,M = P d1, j

b,0 = P d2, j
b,0 , (14)

where p, d1 and d2 denote the parent and daughter nodes of the bifurcation, and j = n + 1/2, n + 1.



B.H. Foy, D. Kay / Journal of Computational Physics 388 (2019) 371–393 377
Fig. 4. Diagram of a 3-branch bifurcation decomposition. The diagram shows a bifurcation before (left) and after (right) decomposition. New nodes d1 and 
d2 are created, alongside ghost node values Ad1

b,−1/2, Ad2
b,−1/2, and Ap

b,M+1/2. Similar nodes are also created for all corresponding Q b values.

Given Pb is a function of Ab , the pressure continuity equation can be re-written as

f p
M

⎛
⎝1 −

√√√√ Ap,0
b,M

Ap,n+1
b,M

⎞
⎠ = f d1

0

⎛
⎝1 −

√√√√ Ad1,0
b,0

Ad1,n+1
b,0

⎞
⎠ ,

and similar for d2. These six continuity equations can be taken alongside the Lax-Wendroff scheme equations

Ai,n+1
b,m = Ai,n

b,m + �t

�x

(
T i,n+1/2

1,m+1/2 + T i,n+1/2
1,m−1/2

)
, (15)

Q i,n+1
b,m = Q i,n

b,m + �t

�x

(
T i,n+1/2

2,m+1/2 − T i,n+1/2
2,m−1/2

)
+ �t

2

(
S i,n+1/2

2,m+1/2 + S i,n+1/2
2,m−1/2

)
, (16)

where i = p, d1, d2, and m = M for p, and m = 0 for d1 and d2.
This gives 12 equations, which govern the 12 state variables Q i, j

b,m, Ai, j
b,m for i = p, d1, d2, and j = n, n + 1. However, these 

equations also require 6 variables which exist only as ghost nodes: A p,n+1/2
b,M+1/2, Ad1,n+1/2

b,−1/2 , Ad2,n+1/2
b,−1/2 , and similar for Q b . This 

requires 6 more equations to close the system, which are created by defining the ghost points through averaging, such that

Q i,n+1/2
b,m = Q i,n+1/2

b,m−1/2 + Q i,n+1/2
b,m+1/2

2
, (17)

Ai,n+1/2
b,m = Ai,n+1/2

b,m−1/2 + Ai,n+1/2
b,m+1/2

2
, (18)

where i = p, d1, d2, and m = M for p and m = 0 for d1 and d2.
This gives rise to a closed non-linear system of 18 equations. However, many of the equations are linear, meaning the 

system can actually be decomposed into two sets of smaller equation systems (more detail of this is given in Appendix C).
The system outlined above is for a bifurcation with one parent and two daughters. However, similar equation systems 

follow for other bifurcation types (e.g. two parents one daughter, in the venous network, or one parent and one daughter at 
the artery-capillary join).

3.3.2. Inlet boundary condition
At the two inlet boundaries (the left and right pulmonary arteries), a flow rate boundary condition is prescribed such 

that

Q b(0, t) = Q̄ bt

τ
exp

(
1

2
(1 − t2/τ 2)

)
, 0 ≤ t < HT , (19)

Q b(0, t + jHT ) = Q b(0, t), j = 1,2,3, . . .

where Q̄ b is the maximum flow, τ is the time of maximum flow, and H T is the heartbeat period.
We calculate the inflow boundary cross-sectional area, by first introducing a ghost point Q n+1

b,−1/2 which satisfies

Q n+1/2
b,0 = Q n+1/2

b,−1/2 + Q n+1/2
b,1/2

,

2
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where Q n+1/2
b,0 is the inflow rate, evaluated at time step n +1/2. Using this ghost point, the inflow area A0

b can be calculated 
as

An+1
b,0 = An

b,0 − �t

�x

(
T n+1/2

1,1/2 − T n+1/2
1,−1/2

)
+ �t

2

(
Sn+1/2

1,1/2 + Sn+1/2
1,−1/2

)
,

where T n+1/2
1,−1/2 = Q n+1/2

b,−1/2 and Sn+1/2
1,−1/2 = 0.

3.3.3. Outlet boundary condition
At each outlet boundary, we model the out of domain resistance and compliance using a 3-element Windkessel model 

[26] with parameters R1, R2, and Ct . This leads to the boundary model

∂ Pb

∂t
= R1

∂ Q b

∂t
− Pb

R2CT
+ Q b(R1 +R2)

R2CT
,

which is discretised using a Forward Euler method, as

Pn+1
b,M = Pn

b,M +R1(Q n+1
b,M − Q n

b,M) + �t

(
− Pn

b,M

R2CT
+ Q n

b,M(R1 +R2)

R2CT

)
,

where

Pn+1
b,M = f M

ρb

⎛
⎝1 −

√√√√ A0
b,M

An+1
b,M

⎞
⎠ .

A second equation is constructed through an upwind discretisation of Equation (9):

An+1
b,M = An

b,M − �t

�x
(Q n+1

b,M − Q n+1
b,M−1).

These two equations are solved iteratively using Jacobi’s method until a convergent solution is reached (to a desired toler-
ance).

3.3.4. Computational implementation
The model outlined in the previous section is both highly non-linear and extremely large. At a minimum, each branch 

in the system requires three nodes (one at each end, and a central node), both with two unknown variables (Ab , Q b). This 
means at the lowest resolution for a full conducting airway zone structure (approximately 100,000 branches, 50,000 of which 
are terminal), the corresponding vasculature system has 250,000 arterial branches, and thus 1,500,000 variables. While the 
Lax-Wendroff scheme is explicit, due to conservation constraints each bifurcation (of which there are approximately 200,000) 
is constrained by 18 non-linear equations. In Appendix C we illustrate how the computational challenges of the bifurcation 
conditions can be reduced through careful algebraic manipulation; however, even with these simplifications, the resulting 
system is incredibly large and computationally intensive.

This is further exacerbated by the time step constraints imposed by the explicit solution scheme. Assuming a uniform 
spatial discretisation over each branch, it can be shown that the Lax-Wendroff method is stable [11] if the associated 
Courant Friedrichs Lewy (CFL) condition is fulfilled:

�t

�x
≤

∣∣∣∣ Q b

Ab
± c

∣∣∣∣
−1

,

for both choices of sign, where

c =
√

Ab

ρb

∂ Pb

∂ A
,

is the pulse wave speed.
In standard implementation on a full conducting zone structure, we have found this leads to an average constraint 

condition of

�t ≤ 10−6.

For non-trivial simulations of ventilation and gas transfer, a stable blood profile is needed for at least the duration of a 
breathing cycle. In practice, this means blood flow needs to be simulated for a duration of 3 breathing cycles (to allow 
for solution stabilisation), equating to 12 seconds at a standard breathing rate. Thus, total solution of the system requires 
explicit iteration of a system of approximately 1,500,000 variables more than 107 times with the Lax-Wendroff scheme.
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In a standard CPU architecture this would be computationally intractable, with estimated runtime being greater than 
1 year per profile. However, given that the solution scheme is explicit, the calculations (within each time step) are highly 
parallelisable. To exploit this structure, we solve the blood flow model in a GPU environment. A standard GPU (as of 2018) 
has between 1000-4000 cores. This means that the incorporation of GPU computing could be expected to increase runtime 
by an order of 103–104 (for a sufficiently large system). This was one of the primary motivations for the use of an explicit 
solution scheme. The explicit scheme introduces a harsh time constraint penalty, but the use of high-performance computing 
greatly offsets this effect. Equally, given the highly non-linear nature of the system (particularly the continuity constraints 
across each bifurcation), for accurate solution an implicit scheme would also be expected to require quite a small time step. 
However, an implicit scheme would not be able to be implemented in a GPU environment with the same degree of ease or 
effectiveness as the explicit scheme.

GPU implementation of the blood flow model was performed using gpuArray structures within MATLAB’s Parallel Com-
puting Toolbox. All simulations of blood flow were computed using an Alienware 17 R2 laptop (i7 processor, NVIDIA GTX970 
GPU).

3.4. Blood gas transport model

Following calculation of bloodflow nad arterial cross-sectional area, these profiles are used to drive the convective trans-
port equation

∂ AbCb

∂t
= Q b

Ab

∂ AbCb

∂x
, (20)

where Cb is the gas concentration.
It should be noted that while Ab and Q b appear in Equation (20), they can be solved independently of Cb . Given this, 

the model can be implemented numerically using a similar approach to that given in Equation (7), setting D = 0.
At each outflow branch, during outward flow, concentration is removed from the branch, proportional to the flow rate, 

meaning

∂Cb

∂n
= Q b

Ab
Cb,

where n is the outward normal vector to the boundary. During inward flow, it is assumed that no concentration of gas 
re-enters the system, such that

∂Cb

∂n
= 0.

At each inflow boundary, flow is only positive (due to the prescribed inflow, given in Equation (19). Thus, there is one inflow 
condition of the form

∂Cb

∂n
= Q b

Ab
C in,

where C in is the upstream gas concentration.
To create a closed system, gas which exits the pulmonary veins is brought back into the pulmonary arteries, via the 

equation

C in(t) = C̄out(t − tcirculation), (21)

where C̄out is the averaging outflow gas concentration, and tcirculation is the average time it takes the gas to circulate the 
body (to get from the outflow point back to the inlet). Clearly this is a simplified model that could be updated to incorporate 
other factors such as tissue absorption, or chemical reactions within the body.

3.5. Alveolar-capillary transport model

To close the system, we link the two gas transport models, with a model for transfer across the alveolar-capillary mem-
brane. Transport rates are assumed proportional to the partial pressure gradient, such that [4]:

∂V acinCacin

∂t
= Dcap(P p,b − P p,acin), (22)

∂VbCb

∂t
= −Dcap(P p,b − P p,acin), (23)

where Cb is the concentration in the centre of the capillary, Cacin is the concentration in the associated acinar region, and 
Dcap is the diffusing capacity (not to be confused with diffusion rate) of the gas across the alveolar-capillary membrane. 
P p,b and P p,acin are the partial pressures of the gas in blood and the acinus respectively, calculated as
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Fig. 5. Flow diagram for the pulmonary model solution procedure.

P p,b = 1

σb
Cb,

P p,acin = PacinCacin,

where σb is the solubility of the gas in blood, and Pacin is the gas pressure inside the acinus, which is the total pressure, 
minus the water vapour pressure (typically 47 mmHg).

3.6. Total model

Combining the models outlined in the previous sections we can achieve simulation of gas transport throughout the 
entire pulmonary system. The process for this is described in Fig. 5. Firstly, the ventilation profile and associated acinar 
volumes are calculated using System (2)-(5). The acinar volumes are then used to calculate capillary lengths with Equation 
(1), meaning the blood flow profile and arterial areas can be simulated through System (9)-(10). Once the ventilation and 
blood flow distributions are calculated, gas transfer is simulated using Equation (6) for the airways and Equation (20)
for the bloodstream. Both of these equations are discretised using the same time step size, and at each time step are 
solved independently of each other. Between time steps, System (22)-(23) is used to account for gas transfer across the 
alveolar-capillary membrane.

Under an assumption of steady breathing and heart rate, ventilation and blood flow profiles are simulated over consec-
utive breathing cycles until stability (within 1%) is reached (typically taking 3 periods). These profiles are then repeatedly 
used to simulate gas transfer for as long as necessary. While in many applications gas transfer is simulated for a substan-
tially longer period than blood flow, the solution speed is still dominated by the time taken to calculate the blood flow 
profile. This is because all other components of the model are solved implicitly, meaning time step sizes can be much larger 
(≈ 10−2) than that of the explicit blood flow scheme (≈ 10−6).

4. Results

4.1. Clinical validation

Given the complexity of the pulmonary model, a clear question to address is whether the model produces physically 
realistic, and clinically relevant results. Extremely detailed validation of the model throughout the entire pulmonary system 
is beyond the scope of a single study. Instead, we consider an array of experimental results within the literature.

A clear validation of the airways ventilation and transport components of the model was presented by Foy et al. [20]. 
Within this work, the airways model was shown to be able to sensitively capture inter-patient differences when simulating 
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outputs from the multiple-breath washout (MBW). Pozin et al. [31] analysed a similar uni-directional, pressure-driven flow 
model (though coupled with a lung parenchyma model), showing accurate alignment with physical ventilation measure-
ments.

Alongside this, the use of Navier-Stokes to simulate blood flow has undergone a variety of different experimental valida-
tions within the literature. In their initial presentation, Olufsen et al. [11] showed clear concordance between simulations of 
arterial blood flow, and experimental measurements. Other validations have been performed using full 3D simulation [32], 
with strong concordance between the 3D and 1D models [33,34]. Effective validation has also been performed in capillary 
networks [35], though this compared steady-state distributions only.

Convection-based models of oxygen transport in blood, similar to equation (20) (though also accounting for haemoglobin 
binding) have also been applied within the literature, showing strong concordance with experimental measurements [36].

The wealth of prior validation of the individual components of the pulmonary model gives us confidence in its ability to 
meaningfully capture the dominant mechanics of the pulmonary system. Clearly there would be value to validation of the 
model in a combined, holistic setting. We see this as a clear avenue for future research.

4.2. Comparing different washout gases

To illustrate the potential value of efficient pulmonary simulation, we apply the model to a clinically relevant question 
concerning the multiple-breath washout [37]. The MBW is a pulmonary function test that uses measurements of ventilation 
heterogeneity at the mouth, to make inferences about the presence of lung disease. Typically the test is performed in one 
of two ways; either air mixed with an inert-gas (such as SF6 of 3He) is washed-in by the subject (breathed in until it is 
assumed to have equilibrated in the lungs), and then washout of the inert gas is performed by switching the subject back 
to an air mixture without the gas; or in the case of nitrogen washouts, since N2 is already present in air, no wash-in is 
performed, and instead a washout is performed using pure oxygen.

Despite a wide variety of clinical [38–40] and computational [3,20] studies of the inert-gas washout, there is a lack of 
clear understanding as to how the choice of tracer gas may affect outputs [37]. Some recent studies have investigated this 
phenomenon [39], showing a potential bias between different gases. However, this finding hasn’t been illustrated broadly 
enough to allow for consensus.

To help address this gap, we apply the pulmonary model to simulate the effect of tracer gas choice on MBW outputs, 
using the three most common tracer gases (SF6, 3He, and N2). Simulations were performed using each of the 26 patient-
based lung structures. Each simulation was performed in an orthostatic position, after artificially washing in the tracer gas, 
at a concentration of 4% for SF6 and 3He, and 78% for N2. Diffusion rates for each gas are given in Table 1, and for SF6 and 
3He, Dcap was set to 0. For each simulation we calculate the washout indices LCI (Lung Clearance Index) and scond, with 
precise definitions of each given in prior studies in the literature [2,40].

As an initial step, in Figs. 6 and 7 we present flow, cross-sectional area, and N2 concentration profiles at various locations 
throughout the pulmonary system, in a healthy lung structure. Considering the blood flow profile, we see small alternations 
in peak flow values every four heartbeats, due to the expansion and contraction of the capillaries in response to the alveoli. 
We also note that the arterial area profile behaves similarly to the flow profile, but has a slight offset of a few fractions of 
a second.

Considering Fig. 7 no immediately obvious effect of the bloodstream can be seen in the tracheal N2 concentration profile. 
This is to be expected though, given that the individual contributions from the capillaries will be smoothed out by the time 
they reach the trachea. We see expected behaviour in the left pulmonary artery gas concentration profile, with an offset time 
of just over 60 seconds, corresponding to the imposed mean circulation time. Interestingly, the pulmonary artery empties 
at a much slower rate than the shown capillary. This is due to accumulation effects, and that flow in the capillaries is not 
perfectly synchronous (similar to the acinar regions). Finally, we note that before the washout begins, gas concentrations in 
the capillaries stabilise to just under 1%, while concentrations in the acinus stabilised at 78%. This is in line with the normal 
physiological concentration of nitrogen in the bloodstream, when breathing standard air (78% nitrogen).

Within Figs. 8 and 9, we compare simulated scond and LCI values, using the three different tracer gases. Firstly, comparing 
the non-pulmonary diffusive gases, we see that there is a very slight negative bias in both LCI and scond when using 3He. 
This is potentially due to the higher diffusivity of helium, which would allow constricted areas of the lung to washout 
slightly faster. However, the confidence intervals for these differences greatly overlap zero, meaning the inference is quite 
weak.

Comparing N2 washouts to 3He and SF6 washouts, the differences appear much more consistent. In both cases scond
has a noticeable negative bias, and LCI a positive bias, with magnitude of difference increasing with the index value. While 
small, this bias appears consistent, with 95% confidence intervals excluding zero.

4.3. Error convergence

To close the results section, we briefly illustrate error convergence of the model. Due to the model complexity, deriving 
analytical solution profiles is infeasible. Instead, we analyse error convergence of the model under simultaneous temporal 
and spatial refinement of the domains. We first define the error of a solution x, relative to a fine mesh solution, xfine, such 
that
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Fig. 6. Blood flow and cross-sectional area profiles in a capillary (A,B) and pulmonary vein (C,D). The capillaries undergo a strong sinusoidal pattern in peak 
values, driven by the expansion and contraction of the acinus. Flow is significantly larger in the pulmonary arteries, which also undergo a more significant 
cross-sectional area deformation.

err = max

∣∣∣∣x − xfine

xfine

∣∣∣∣ .
Note that to avoid catastrophic cancellation, solution error is only calculated at points where the elements of xfine are 
sufficiently different from 0.

Due to computational constraints, error was analysed in an artificially created 3 generation, and 5 generation pulmonary 
network, corresponding to a pulmonary structure with 28 and 78 branches respectively. Each generation started with a 
trachea of radius 1 cm and length 10 cm. To grow the tree, at each bifurcation point, two new branches were created, 
at branch angles of ±30◦ , with radius and branch length reduction factors of 0.8 and 0.6. As an example, this leads to 
a branch length and radius of 6 cm and 0.6 cm at generation 2, 4.8 cm and 0.36 cm at generation 3, and so on. To 
add assymetry to the tree, each branch length and radius was multiplied by a normal-random number, drawn from the 
distribution N (1, 0.05). The 3-generation and 5-generation airway tree structures are illustrated in Fig. 10.

Blood flow and cross-sectional area profiles (over 12 seconds) for the 3 generation network were calculated at the centre 
node of each branch (in arteries, capillaries and veins) with 1, 3, 7, 15, and 31 nodes per branch, and corresponding dt values 
of 0.002, 0.001, 0.0005, 0.00025, 0.000125. Error was calculated as the maximum relative difference between the solution 
and the corresponding fine mesh solution at all branch bifurcations, and centre nodes. The fine mesh solution was created 
using 63 nodes per branch, and dt = 0.0000625. A similar process was applied to analyse error in the 5 generation network, 
using dt = 0.0002, 0.0001, 0.00005, 0.000025 and 1, 3, 7 and 15 nodes per branch, and a fine mesh solution created with 31 
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Fig. 7. Concentration profiles at various locations in the pulmonary network. Nitrogen concentrations can be seen during wash-in and washout at the 
trachea (A), in an acinar region (B) and its associated capillary (C), and in the left pulmonary artery (D). For each washout profile, a zoom in is given to 
show behaviour over a few breaths.

nodes per branch, and dt = 0.0000125. The convergence of error in the structures can be seen in Fig. 10. The convergence 
appears linear, as is expected from the Lax-Wendroff scheme.

A similar approach was applied to analyse convergence of the gas transport model. Simulations of a 30 s N2 washout 
(preceded by a 30 s N2 wash-in) were performed in a 3 and 5 generation network, with the same pairs of dt and number 
of nodes as above. The discretisation was applied to both the blood flow and concentration model, across the airways and 
arterial network. The error convergence is shown in Fig. 11, appearing linear as expected.

5. Discussion

We have presented the design and implementation of a gas transport model for the entire pulmonary system, alongside 
preliminary results from simulation of the multiple-breath nitrogen washout. Here we provide a brief discussion of clinical 
relevance, computational considerations, limitations, and potential future work.
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Fig. 8. Comparison of simulated scond with different tracer gases. Results comparing 3He, SF6 and N2 are shown, with a line of best fit (A, C, E) and 
Bland-Altman plots (B, D, F) given.

5.1. Clinical relevance

The results in Figs. 8 and 9 suggest that the bloodstream interactions of nitrogen lead to a clear and consistent bias 
in washout indices; causing an elevation in LCI and reduction in scond. The positive bias of LCI using N2 confirms nicely 
with the clinical results of Jensen et al. [39] who showed that LCI was elevated when using N2, comparative to SF6, with 
the magnitude of difference increasing in the presence of cystic fibrosis. This result is further confirmed when comparing 
reference values for healthy controls, across various studies using different tracer gases [38]. However it should be noted 
that, to the best of our knowledge, no single prior study has illustrated this phenomenon within an asthmatic patient group. 
Thus, the results in this study help to provide evidence for the general nature of this phenomenon, beyond being specific to 
cystic fibrosis.

While there are some results in the literature comparing LCI, to the best of our knowledge, there are no large clinical 
studies which compare scond under different gas choices. The results here suggest that the bias of scond is opposite to that 
of LCI, with N2 leading to a reduction in the index, comparative to SF6, and 3He. Similar to LCI, this bias is quite small, 
however, it appears consistent, potentially allowing for correction when comparing clinical results obtained using different 
gases.

5.2. Computational constraints

As outlined previously, the computational scale of the model is quite large. To calculate the blood flow and arterial 
cross-sectional area profiles over 12 seconds, a system of approximately 1,500,000 variables was iteratively solved 107

times. More generally, if we have an N generation network, the number of branches can be approximated by 2N , leading 
to 2N+1 branches in the associated arterial network (excluding the capillaries). Assuming that only bifurcations occur (no 
trifurcations), and using the most coarse discretisation possible, each arterial branch contains 14 variables (two at the branch 
centre, 4 at each branch end, and 2 ghost nodes at each branch end). If each terminal bronchiole is subtended by a single 
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Fig. 9. Comparison of simulated LCI with different tracer gases. Results comparing 3He, SF6 and N2 are shown, with a line of best fit (A, C, E) and 
Bland-Altman plots (B, D, F) given.

Fig. 10. Error convergence of the blood flow model in a 3 generation network (A, C), and a 5 generation network (B, D). Both error plots have slopes of 
approximately 1, indicating linear convergence. Visualisation of the airway tree is also given, with line thickness corresponding to radius (C, D).
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Fig. 11. Error convergence of the pulmonary model in a 3 generation network (A), and a 5 generation network (B), over the arteries, acinar regions and 
airways. The two error plots have slopes of approximately 1.2-1.4, indicating linear convergence (as expected).

Fig. 12. Comparison of runtimes when simulating blood flow with and without a GPU architecture. Run times are given for arterial trees with generation 
sizes 2-16.

acinus with a single capillary, there are 2N−1 total capillaries, each also having 14 variables. This leads to a total system 
complexity of

O
(

14(2N+1 + 2N−1)
)

.

Further to this, the time step constraint on the Lax-Wendroff scheme scales linearly with the branch length (which directly 
relates to �x). Assuming a branch length scaling factor of 0.6 (approximated from histological data [18]), as the tree grows, 
the total number of time steps scales according to 1.65N . For a 2 generation system, with a physically realistic geometry, 
we estimated a necessary step size of �t = 10−3, leading to approximately 104 steps per solution (of a 12 second blood 
profile). Given this, the total complexity of the model (expressed as number of necessary variable-iterations) is

O
(

14(2N+1 + 2N−1) × 1041.65N
)

≈ O
(

105 × 21.72N+1
)

.

For a full respiratory system (N ≈ 23), this would lead to approximately 1017 variable iterations. In practice this number is 
much greater, as beyond generation 16-17 the assumption of each branch being subtended by a single acinus fails to hold. 
Regardless, this presents significant computational strain, which we illustrate by comparing run times with and without 
GPU implementation, for various tree sizes (Fig. 12).

5.3. Limitations

Models for pulmonary blood flow are not a completely recent development within the literature. However, most appli-
cations have been strongly limited by available computing power, and as such use simple approximations for flow in the 
capillaries and small arteries, and often exclude any venous component. As we have shown, through the embedding of the 
blood flow models in efficient parallel environments, many of these computational limitations may be overcome, allowing 
for effective simulation of the pulmonary system to much deeper levels.

Clearly though, this model still applies a variety of simplifying approximations, to make simulation at this depth com-
putationally tractable. One of the strongest limitations of the model is the simplicity of the respiratory zone approximation. 
Representation of all veins and arteries below the structural resolution by a single capillary is clearly not physically realistic. 
However, this is primarily driven by a lack of realistic structural information and computational constraints. With access to 
more powerful HPC environments, and improvements in imaging techniques (such as micro-CT [41]), these limitations may 
be overcome.
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Beyond this, the model is 1D in nature, meaning it cannot account for turbulent effects in both air and blood flow. Again, 
this choice is primarily made due to computational constraints. Given that both airflow and blood flow drastically slow as 
airway and artery radii decrease, we do not believe that the 1D approximation significantly affects accuracy. However, in 
the airflow and blood flow literature some groups have taken a multi-scale approach, whereby the largest branches are 
modelled using a full 3D Navier-Stokes, before transitioning to 1D, past a certain point [5,42].

Another limitation is the assumption of a linear stress-strain relationship between pressure and arterial cross-sectional 
area. Given the reduction in size and flow rates in the capillaries, the assumption of Newtonian flow may not be per-
fectly valid. This assumption was made to allow for tractability of the system. The investigation of tractable approaches to 
accounting for non-Newtonian flow behaviour in the capillaries is a clear avenue for future research.

Further to this, the model uses parameterised inflow and outflow boundary conditions for blood flow. While we have 
applied a simplistic model for inflow (Equation (19)), this could clearly be replaced with patient-specific data, or used 
to represent more complex scenarios (as would be caused by various heart conditions). Equally, the outlet boundary is 
parameterised by a Windkessel model, with 3 degrees of freedom (R1, R2, CT ), using values from a prior study in the 
literature [24]. However, in future work, investigations could be undertaken to improve the outlet boundary condition, and 
create more accurate estimations of downstream resistance and compliance.

Considering the arterial boundaries, the model for gas transfer also uses a simplistic approximation of gas circulation 
throughout the entire body, parameterised by a mean circulation time tcirculation. This is simple approximations made to 
allow for closure of the model. More complex models that account for tissue absorption, and chemical reactions could be 
implemented if relevant experimental information was available.

Finally, the models were applied using pulmonary networks which were directly modelled based off of the CT-generated 
airway structures, as opposed to an independent CT-generated artery/vein network. While the pulmonary arteries and veins 
closely follow the airway structure, this is not a perfect correspondence. We note though that this does not represent a 
limitation of the model itself, which in the presented form may be applied to any given 1D airway and pulmonary structure.

While the outlined limitations may seem significant, they should be interpreted in context of the computational consid-
erations. The majority of these limitations are not inherent to the model, but simply chosen factors (termination depths, etc.) 
based on computational constraints. Given the parallelisable nature of the model, advancements in computing power may 
allow many of these limitations to be overcome. The investigation of more complex and physically realistic approximations 
is a clear avenue for future work.

5.4. Future work

Within this study we have only illustrated the application of the pulmonary model to simulation of N2 gas transport. 
Adaptation of the model to a wider range of scenarios can be easily achieved though, with simple modifications.

The pulmonary model we have outlined is suitable for modelling transport of gases which cross the alveolar-capillary 
membrane, but which otherwise do not strongly interact with body tissues, or do so through a simple diffusive process. This 
means that the model in its current form cannot be applied to model the two gases of highest interest in respiration; oxygen 
and carbon dioxide. However, adaptation of the model into this scenario is fairly straightforward, by building on prior work 
in the literature, such as that of Ben-Tal [4]. For the simulation of oxygen transport, the alveolar-capillary exchange model 
can be modified to account for haemoglobin binding and saturation such that

∂VbCb

∂t
= Dcap

(
P p,b − P p,acin

) − N0Th Vb
dS

dt
,

where Cb is the oxygen concentration, N0 is the maximum number of molecules of O 2 that can bind to haemoglobin, Th is 
the haemoglobin concentration, and S(T ) is the saturation function of oxygen in haemoglobin. Various different forms for 
the saturation function exist within the literature [4].

Ben-Tal [4] also presented similar models for transport of CO2 in the blood. However, to simulate both O2 and CO2
transfer across the pulmonary system, the model would need to be further expanded to incorporate a respiration model, 
which decomposes O2 into CO2. This could be incorporated by making the O2 and CO2 loss functions dependent on CO2
and O 2 concentration, with parameters inferred from the aerobic respiration chemical reaction.

If these adaptations were applied to the model, it would potentially be capable of realistically simulating a much larger 
variety of physical scenarios, and to more precisely probe disease processes, and pulmonary function tests. The potential 
uses for such a model are quite vast, as there is still a strongly limited understanding of how different morphological 
changes across both the airway and veins/arteries affect the overall function of the pulmonary system. The model could be 
applied to variety of questions such as investigating how pulmonary arterial wall thickness increases (as can be seen due 
to high cholesterol) affect the O2 distribution across the lungs, or how an elevated heart rate may affect clinical respiratory 
measurements. This array of questions forms an exciting direction for future research within the field of computational 
modelling of the human body and the pulmonary system.
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Appendix A. Derivation of capillary length formula

Within the methods, we present a formula for capillary length, relative to volume of the acinus it surrounds (Equation 
(1)). Here we derive this formula.

For computational tractability, we aim to approximate the capillary bed surrounding each acinus by a single capillary. For 
this to be a reasonable approximation, we need the mass of blood in a single capillary to approximate the mass of blood in 
the corresponding capillary bed. To achieve this, we assume that the single capillary wraps around the surface area of the 
acinus, covering a fraction f . This means that the capillary length is proportional to surface area, but also limited by its own 
diameter (which determines how much of the surface any piece of the capillary covers). Combining these two dependencies 
gives

lcap = f
4π Racin

2R0
cap

= f
2π Racin

2R0
cap

.

The fraction f of covered surface can be estimated by assuming a healthy adult lung (FRC = 2.5 L) is surrounded by 60 mL
of capillary blood (a normal healthy adult value). Using a healthy lung from the Bordas set, this gives f ≈ 1/5, meaning

lcap = 2π R2
acin

5R0
cap

.

For this approximation to be appropriate, the ratio of lung volume to capillary blood should be independent of the number 
of generations in the airway tree. This is because this ratio significantly determines how strongly gas concentrations in the 
blood can affect concentrations in the airway (due to relative mass differences). To analyse whether this holds within our 
model, we first note that

V cap = lcap × Acap = 2

5
π2 R2

acin R0
cap,

where V cap is the volume of the capillary, and Acap is its cross-sectional area.
For a structure with a given FRC, approximated using an N-generation network, we assume there is an average ratio 

between capillary volume and acinus volume, such that

V cap,N ≈ kV acin,N ,

where the subscript N denotes that the variable is from the N-generation network. If we take this structure, and add 
another generation, but hold FRC constant we have

V acin,N+1 ≈ 1

2
V acin,N ,

Racin,N ≈
(

1

2

)1/3

Racin,N ,

as the number of acinar regions should approximately double in the new network.
If we assume that at each generation, the capillary and airway radii decrease with a branching factor b f , we also have

Rcap,N+1 ≈ b f Rcap,N ,

which means that the new capillary volume can be approximated as

V cap,N+1 ≈ 2

5
π2b f

(
1

2

)2/3

R2
acin,N R0

cap,N .

V cap,N+1 ≈ b f

(
1
)2/3

V cap,N .

2
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Fig. B.13. Comparison of flow and area profiles using α = 1 and α = 1.1. As can be seen, the increase in α appears to only cause small shifts to overall 
profile behaviour in both peak flow and area values, and start time of the pulsatile behaviour.

If we assume the ratio between capillary volume and acinar volume is the same for both sized networks, we have that

b f

(
1

2

)2/3

= 1

2
,

which means that the branching factor must be

b f = 2−1/3 ≈ 0.79.

This number is the well-known optimal branching factor [43] for the human lung, also known as the Hess-Murray law.
This illustrates that in an idealised branching network, this model holds, and accurately maintains an appropriate ratio 

(which we have set from standard physiological values as 2500 L: 60 mL) between FRC and capillary blood volume. In an 
actual lung, average branching factors are usually slightly higher than the optimal factor, usually being around 0.81-0.86 
[44]. Thus in practice for airway networks significantly larger or smaller than 16 generations, the surface area factor f
should be modified to maintain this ratio.

Appendix B. Comparison of different alpha values

The bloodflow model (equations (9)-(10)) contains a parameter α, which accounts for the flow profile shape through the 
arterial cross-section. Results within this study have used the value α = 1, corresponding to a flat profile. For completeness, 
within Fig. B.13 we compare flow and arterial area profiles using α = 1.1, a value commonly used within the literature [12]
corresponding to a parabolic profile shape. As the figure shows, while α does influence overall behaviour, this change is 
fairly small, causing small shifts in peak values, and start times of the pulsatile behaviour. Given this, we do not believe 
that the choice of α = 1 significantly biases the results in this study.

Appendix C. Simplification of bifurcation equations

To simplify the bifurcation equations (in the blood flow model), we first introduce notation for the variables:

x1 = Q p,n+1
b,M , x2 = Q p,n+1/2

b,M , x3 = Q p,n+1/2
b,M+1/2,

x4 = Q d1,n+1
b,0 , x5 = Q d1,n+1/2

b,0 , x6 = Q d1,n+1/2
b,−1/2 ,

x7 = Q d2,n+1
b,0 , x8 = Q d2,n+1/2

b,0 , x9 = Q d2,n+1/2
b,−1/2 ,

x10 = Ap,n+1
b,M , x11 = Ap,n+1/2

b,M , x12 = Ap,n+1/2
b,M+1/2,

x13 = Ad1,n+1
, x14 = Ad1,n+1/2

, x15 = Ad1,n+1/2
,
b,0 b,0 b,−1/2
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x16 = Ad2,n+1
b,0 , x17 = Ad2,n+1/2

b,0 , x18 = Ad2,n+1/2
b,−1/2 .

We then define

B M+1/2(x) = R0
b,M+1/2 f

ρb

√
A0

b,M+1/2,

F M+1/2(x1, x2) = −2πνb R0
b,M+1/2

δ

x1

x2
,

dB M+1/2

dx
(x) =

(
∂ B

∂ R0
b

dR0
b

dx

)n+1/2

M+1/2

=
(

2
√

x

(√
π f R0

b +
√

A0
b

df

dR0
b

)
− A

df

dR0
b

)
M+1/2

(
dR0

b,M+1/2

dx

)
,

θi = �t

�xi
,

γ = �t

2
.

Using this notation, we can rewrite Equations (13)-(18) in the form

H(X) = 0,

where X = (x1, x2, . . . , x18)
T , and H = (h1, h2, . . . , h18)

T . The vector H comprises the 18 residual functions, with the equa-
tions for conservation of flow (13):

h1 = x1 − x4 − x7, (C.1)

h2 = x2 − x5 − x8, (C.2)

the ghost node approximations (17)-(18):

h3,4,5 = x2,5,8 − x3,6,9

2
+ k1a,1b,1c, (C.3)

h6,7,8 = x11,14,17 − x12,15,18

2
+ k2a,2b,2c, (C.4)

k1a = − Q p,n+1/2
b,M−1/2

2
,

k1b = − Q d1,n+1/2
b,1/2

2
, k1c = − Q d2,n+1/2

b,1/2

2
,

k2a = − Ap,n+1/2
b,M−1/2

2
,

k2b = − Ad1,n+1/2
b,1/2

2
, k2c = − Ad2,n+1/2

b,1/2

2

advancement of Ab in time (15):

h9 = x10 + θpx3 − k3a, (C.5)

h10,11 = x13,16 − θd1,d2 x6,9 − k3b,3c, (C.6)

k3a = Ap,n
b,M + θp Q p,n+1/2

b,M−1/2,

k3b = Ad1,n
b,0 − θd1 Ad1,n

b,1/2, k3c = Ad2,n
b,0 − θd2 Ad2,n

b,1/2

continuity of pressure (14):
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h12,13 = k4a√
x10

− k4b,4c√
x13,16

+ k5a,5b, (C.7)

h14,15 = k4a√
x11

− k4b,4c√
x14,17

+ k5a,5b, (C.8)

k4a =
(

f p
M

√
Ap

b,M

)
,

k4b =
(

f d1
0

√
Ad1

b,0

)
, k4c =

(
f d2
0

√
Ad2

b,0

)
,

k5a = − f p
M + f d1

0 , k5b = − f p
M + f d2

0 ,

and advancement of Q b in time (16):

h16 = k6a − x1 − θp

(
x2

3

x12
+ B M+1/2(x12)

)
+ γ

(
F M+1/2(x3, x12) + dB M+1/2

dx
(x12)

)

= k6a − x1 + G1(x3, x12),

(C.9)

h17,18 = k6b,6c − x4,7 + θd1,d2

(
x2

6,9

x15,18
+ B−1/2(x15,18)

)
+ γ (F−1/2(x6,9, x15,18) + dB−1/2

dx
(x15,18))

= k6b,6c − x4,7 + G2,3(x6,9, x15,18),

(C.10)

k6a = Q p,n
b,M + θpT p,n+1/2

2,M−1/2 + γS p,n+1/2
2,M−1/2,

k6b = Q d1,n
b,0 − θd1T

d1,n+1/2
2,1/2 + γ T d1,n+1/2

2,1/2 ,

k6c = Q d2,n
b,0 − θd2T

d2,n+1/2
2,1/2 + γ T d2,n+1/2

2,1/2 .

Equations (C.1)-(C.10) form a system of 18 non-linear equations, for 18 variables. However, we note that Equations (C.1)-(C.6)
are linear in the variables. We can use this linearity to collapse the system significantly.

Given we are solving hi = 0, (for i = 1 . . . 18), we first rearrange Equation (C.3) for x2, x5 and x8, and substitute into 
Equation (C.2), to give (after rearrangement),

ha1 = x3 − x6 − x9 + k7 = 0, (C.11)

k7 = k1a − k1b − k1c.

We then rearrange Equations (C.5) and (C.6) for x10, x13 and x16, and substitute into Equation (C.7), to give

ha2,a3 = k4a√
k3a − θp x3

− k4b,4c√
k3b,3c + θd1,d2 x6,9

+ k5a,5b = 0. (C.12)

Equations (C.11) and (C.12) form a system of 3 non-linear equations with 3 unknowns. These can be solved for x3, x6 and 
x9 using vector Newton method iterations, of the form

Xi+1
a = Xi

a −J −1
a Ha(Xi

a),

where Xa = (x3, x6, x9)
T and Ha = (ha1, ha2, ha3)

T . Ja is the Jacobian matrix of Ha and can be computed as

Ja =
⎡
⎣ 1 −1 −1

ξ1 ξ2 0
ξ1 0 ξ3

⎤
⎦ ,

where

ξ1 = 1

2
k4aθp(k3a − θp x3)

−3/2,

ξ2,3 = 1

2
k4b,4cθd1,d2(k3b,3c + θd1,d2 x6,9)

−3/2.

Due to the small size of the system, the Jacobian inverse-product against Ha can be calculated explicitly, though is only 
updated once each time step.

This system collapse allows us to efficiently solve for x3, x6 and x9. By substituting these values into Equations (C.3), 
(C.5) and (C.6) we can also easily calculate x2, x5, x8, x10, x13, and x16.
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To solve for the remaining variables we first rearrange Equations (C.4) for x11, x14, and x17 and substitute into Equations 
(C.8) to give

hb1,b2 = k4a√
x12
2 + k2a

− k4b,4c√
x15,18

2 + k2b,2c

+ k5a,5b = 0. (C.13)

We then rearrange Equations (C.9) and (C.10) for x1, x4, and x7, and substitute into Equation (C.1) to give

hb3 = k8 + G1(x3, x12) − G2(x6, x15) − G3(x9, x18) = 0 (C.14)

k8 = k6a − k6b − k6c.

Since we have already solved for x3, x6, and x9, Equations (C.13) and (C.14) form a non-linear system with 3 unknowns. As 
with the first system, we solve these equations for x12, x15, and x18 using vector Newton method iterations of the form

Xi+1
b = Xi

b −J−1
b Hb(Xi

b),

where Xb = (x12, x15, x18)
T , Hb = (hb1, hb2, hb3)

T and

Jb =
⎡
⎣ξ1 ξ2 0

ξ1 0 ξ3
ξ4 ξ5 ξ6

⎤
⎦ ,

is the Jacobian of Hb , with

ξ1 = −1

4

( x12

2
+ k2a

)−3/2
,

ξ2,3 = 1

4

( x15,18

2
+ k2b,2c

)−3/2
,

ξ4 = ∂G1

∂x12
,

= −θp

(
−

(
x3

x12

)2

+ 1

2
f R0

b,M+1/2

√
A0

b,M+1/2x−3/2
12

)
+ γ

(
2π R0

b,M+1/2

δ

x3

x2
12

− 1

2x12

dB M+1/2

dx
(x12)

)
,

ξ5,6 = − ∂G2,3

dx15,18
,

= −θd1,d2

(
−

(
x6,9

x15,18

)2

+ 1

2
f R0

b,−1/2

√
A0

b,−1/2x−3/2
15,18

)
+ γ

(
2π R0

b,−1/2

δ

x6,9

x15,18
− 1

2x15,18

dB−1/2

dx
(x15,18)

)
.

As with the other 3 × 3 system, the size allows for efficient direct calculation of the Jacobian inverse-product against Hb . 
Once a convergent solution (to within a desired tolerance) is reached, all remaining unsolved variables in X can be solved 
through simple substitutions into the remaining equations of System (C.1)-(C.10).
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